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Analytical polarization and coherence transfer functions are
presented for a spin system consisting of three dipolar coupled
homonuclear spins 1

2 under energy matched conditions. Based on
these transfer functions, optimal durations of Hartmann–Hahn
mixing periods can be determined for arbitrary dipolar coupling
constants D12, D13, and D23. In addition, the dependence of the
ransfer efficiency on the relative size of the dipolar coupling
onstants is illustrated. © 2000 Academic Press

Key Words: Hartmann–Hahn transfer; dipolar coupling; analyt-
ical transfer functions; DCOSY.

INTRODUCTION

Hartmann–Hahn transfer based on effective isotropi
planar coupling tensors is commonly used in high-resolu
NMR (1–3). For a number of simple spin systems, analy
solutions are known for coherence and polarization tra
functions in isotropic (4–9) or planar mixing experimen
(5, 10–17). Recently, Hansenet al. (18) introduced th
DCOSY experiment (dipolar coupling spectroscopy), whic
based on homonuclear Hartmann–Hahn transfer through
ual dipolar couplings (19, 20) in high-resolution NMR. Thi
experiment makes it possible to transfer magnetization
tween spins that are separated by even more than 7 Å. Tra
functions of transverse and longitudinal magnetization are
known for the simple two-spin system (3, 18). However, fo
more than two dipolar coupled spins, transfer functions
considerably more complicated and could so far only be
culated using numerical simulations (21). Here we presen
analytical transfer functions for the general case of three
lar coupled spins with arbitrary effective coupling constan

THEORY

We consider a system consisting of three homonuclear
1
2 with (effective) dipolar coupling constantsDij . If the effective
elds are zero, the Hamiltonian has the form

1 To whom correspondence should be addressed. E-mail: glaser@ch.
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*D 5 2p O
i,j

3

Dij$2I izI jz 2 I ixI jx 2 I iyI jy%. [1]

ere thez axis is the quantization axis. In analogy to
case of three coupled spins under planar mixing condi
(17), polarization transfer functions can be derived base
the eigenvalues and eigenfunctions of*D. The produc

.de.

TABLE 1
General Transfer Functions TA3B for A 5 I1z

TI1z3I1z 5 T11
z 5 1 2 O

i51

3 O
j5i11

3

1
2 wij

2$1 2 cos~D ijt!%

TI1z3I2z 5 T12
z 5 O

i51

3 O
j5i11

3

1
2 $~g ig j 2 b ib j!

2 2 ~a ia j!
2%$1 2 cos~D ijt!%

TI1z3I3z 5 T13
z 5 O

i51

3 O
j5i11

3

1
2 $~a ia j 2 g ig j!

2 2 ~b ib j!
2%$1 2 cos~D ijt!%

TI1z3$I1xI2y2I2xI1y% 5 O
i51

3 O
j5i11

3

1
2 $~b ig j 2 g ib j!wij%sin~D ijt!

TI1z3$I1xI3y2I3xI1y% 5 O
i51

3 O
j5i11

3

1
2 $~a ig j 2 g ia j!wij%sin~D ijt!

TI1z3$I2xI3y2I3xI2y% 5 O
i51

3 O
j5i11

3

1
2 $~a ib j 2 b ia j!wij%sin~D ijt!

TI1z3$I1z~I2xI3x1I2yI3y!% 5 O
i51

3 O
j5i11

3

1
4 $~b ia j 1 a ib j!wij%$1 2 cos~D ijt!%

TI1z3$I2z~I1xI3x1I1yI3y!% 5 O
i51

3 O
j5i11

3

1
4 $~a ig j 1 g ia j!wij%$1 2 cos~D ijt!%

TI1z3$I3z~I1xI2x1I1yI2y!% 5 O
i51

3 O
j5i11

3

1
4 $~g ib j 1 b ig j!wij%$1 2 cos~D ijt!%

Note.a i , b i , g i are defined in Eqs. [7]–[10], andwij 5 2a ia j 2 b ib j 1

ig j .
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281TRANSFER FUNCTIONS FOR THREE DIPOLAR COUPLED SPINS
functions uaaa& (with magnetic quantum numberm 5 3
2),

ubaa&, uaba&, uaab& (with m 5 1
2), uabb&, ubab&, ubba&

(with m 5 21
2), and ubbb& (with m 5 23

2) form a conve
nient set of basis functions. In this basis the matrix re
sentation of*D assumes a simple block structure beca

D commutes withF z 5 I 1z 1 I 2z 1 I 3z. Nonzero matrix
elements exist only between basis functions with iden

TA
General Transfer Fun

TI1x3I1x 5 T11
x 5 O

i51

3

a i
2b i

2 1 1
2 O

i51

3

g i
2cos~D0i

TI1x3I2x 5 T12
x 5 O

i51

3

a i
2b ig i 1 1

2 O
i51

3

b ig icos~

TI1x3I3x 5 T13
x 5 O

i51

3

a ib i
2g i 1 1

2 O
i51

3

a ig icos~

TI1x3I1zI2y 5 O
i51

3

b ig isin~D0it! 1 O
i51

3 O
j5i1

3

TI1x3I2zI1y 5 O
i51

3

g i
2sin~D0it! 1 O

i51

3 O
j5i11

3

TI1x3I1zI3y 5 O
i51

3

a ig isin~D0it! 1 O
i51

3 O
j5i1

3

TI1x3I3zI1y 5 O
i51

3

g i
2sin~D0it! 2 O

i51

3 O
j5i11

3

TI1x3I2zI3y 5 O
i51

3

a ig isin~D0it! 2 O
i51

3 O
j5i1

3

TI1x3I3zI2y 5 O
i51

3

b ig isin~D0it! 2 O
i51

3 O
j5i1

3

TI1x3I1xI2yI3y 5 2 O
i51

3

a ib i~a i
2 1 b i

2 2 g i
2! 1

TI1x3I2xI1yI3y 5 2 O
i51

3

a ib i~a i
2 2 b i

2 1 g i
2! 1

TI1x3I3xI1yI2y 5 2 O
i51

3

a ib i~2a i
2 1 b i

2 1 g i
2

TI1x3I1xI2zI3z 5 24 O
i51

3

a i
2b i

2 1 2 O
i51

3

g i
2co

TI1x3I2xI1zI3z 5 24 O
i51

3

a i
2b ig i 1 2 O

i51

3

b ig

TI1x3I3xI1zI2z 5 24 O
i51

3

a ib i
2g i 1 2 O

i51

3

a ig

Note.a i , b i , g i are defined in Eqs. [7]–[10], andn ij 5 (a ib j 1 a jb i).
-
e

al

magnetic quantum numbersm. For m 5 3
2 andm 5 23

2, the
resulting blocks are identical 13 1 matrices:

* D
~3/ 2! 5 * D

~23/ 2! 5 p~D12 1 D13 1 D23! 5 l0. [2]

orm 5 1
2 andm 5 21

2, the blocks are identical 33 3 matrices

2
ons TA3B for A 5 I1x

1
2 O

i51

3 O
j5i11

3

n ij
2cos~D ijt!

! 1 1
2 O

i51

3 O
j5i11

3

n ij~a ig j 1 a jg i!cos~D ijt!

! 1 1
2 O

i51

3 O
j5i11

3

n ij~b ig j 1 b jg i!cos~D ijt!

j~a ig j 2 a jg i!sin~D ijt!

a ib j 2 a jb i!sin~D ijt!

j~b ig j 2 b jg i!sin~D ijt!

a ib j 2 a jb i!sin~D ijt!

j~b ig j 2 b jg i!sin~D ijt!

j~a ig j 2 a jg i!sin~D ijt!

O
i51

3 O
j5i11

3

n ij~a ia j 1 b ib j 2 g ig j!cos~D ijt!

O
i51

3 O
j5i11

3

n ij~a ia j 2 b ib j 1 g ig j!cos~D ijt!

2 O
i51

3 O
j5i11

3

n ij~2a ia j 1 b ib j 1 g ig j!cos~D ijt!

0it! 2 2 O
i51

3 O
j5i11

3

n ij
2cos~D ijt!

~D0it! 2 2 O
i51

3 O
j5i11

3

n ij~a ig j 1 a jg i!cos~D ijt!

~D0it! 2 2 O
i51

3 O
j5i11

3

n ij~b ig j 1 b jg i!cos~D ijt!
BLE
cti

t! 1

D0it

D0it

1

n i

n ij~

1

n i

n ij~

1

n i

1

n i

2

2

! 1

s~D

icos

icos
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282 LUY AND GLASER
* D
~1/ 2! 5 * D

~21/ 2! 5 2pS S1 D12 D13

D12 S2 D23

D13 D23 S3

D , [3]

with

Si 5 Dij 1 Dik 2 Djk [4]

for { ijk } 5 {123}, {231} and {312} and Dij 5 Dji .
The eigenvalues of the 33 3 matrix of Eq. [3] are given b

l1 5 0

TABLE 3
Simplified Transfer Functions Tkl

a 5 TIka3Ila for Special Case 1
(D12 5 D13 5 D23/2 5 D) with a 5 z or x

T11
z 5

5

6
1

1

6
cos~2Î6pDt!

T12
z 5 T13

z 5
1

12
2

1

12
cos~2Î6pDt!

T22
z 5 T33

z 5
11

24
1

1

24
cos~2Î6pDt! 1

3 1Î6

12
cos~~2 1Î6!pDt!

1
3 2Î6

12
cos~~2 2Î6!pDt!

T23
z 5

11

24
1

1

24
cos~2Î6pDt! 2

3 1Î6

12
cos~~2 1Î6!pDt!

2
3 2Î6

12
cos~~2 2Î6!pDt!

T11
x 5

11

24
1

1

24
cos~2Î6pDt! 1

3 2Î6

12
cos~~6 1Î6!pDt!

1
3 1Î6

12
cos~~6 2Î6!pDt!

T12
x 5 T13

x 5
1

12
2

1

12
cos~2Î6pDt! 1

1

4Î6
cos~~6 1Î6!pDt!

2
1

4Î6
cos~~6 2Î6!pDt!

T22
x 5 T33

x 5
1

12
1

1

6
cos~2Î6pDt! 1

1

4
cos~4pDt!

1 S1

8
1

1

4Î6Dcos~~6 1Î6!pDt!

1 S1

8
2

1

4Î6Dcos~~6 2Î6!pDt!

1 S1

8
2

1

4Î6Dcos~~2 1Î6!pDt!

1 S1

8
1

1

4Î6Dcos~~2 2Î6!pDt!

T23
x 5

1

12
1

1

6
cos~2Î6pDt! 2

1

4
cos~4pDt!

1
3 1Î6

24
cos~~6 1Î6!pDt! 1

3 2Î6

24
cos~~6 2Î6!pDt!

2
3 2Î6

24
cos~~2 1Î6!pDt! 2

3 1Î6

24
cos~~2 2Î6!pDt!
l2,3 5 2
l0

2
7

pW

2
, [5]

with

W2 5 O
i,j

3

9D ij
2 2 O

i51

3

6DijDik, [6]

where in the second summation {ijk } 5 {123}, {231}, and
312}.

For each of the eigenvaluesl i (i 5 1, 2, or 3), the
orresponding normalized eigenvectors are given by (a i , b i ,

g i) 5 (a9i , b9i , g9i)/ni with the normalization constants

ni 5 Î~a9i!
2 1 ~b9i!

2 1 ~g9i!
2 [7]

TABLE 4
Simplified Transfer Functions Tkl

a 5 TIka3Ila for Special Case 2
(D12 5 D13 5 D and D23 5 0) with a 5 z or x

T11
z 5

4

6
1

2

6
cos~2Î3pDt!

T12
z 5 T13

z 5
1

6
2

1

6
cos~2Î3pDt!

T22
z 5 T33

z 5
5

12
1

1

12
cos~2Î3pDt! 1

3 2Î3

12
cos~~1 1Î3!pDt!

1
3 1Î3

12
cos~~1 2Î3!pDt!

T23
z 5

5

12
1

1

12
cos~2Î3pDt! 2

3 2Î3

12
cos~~1 1Î3!pDt!

2
3 1Î3

12
cos~~1 2Î3!pDt!

T11
x 5

5

12
1

1

12
cos~2Î3pDt! 1

3 1Î3

12
cos~~3 1Î3!pDt!

1
3 2Î6

12
cos~~3 2Î3!pDt!

T12
x 5 T13

x 5 2
1

12
1

1

12
cos~2Î3pDt! 1

1

2Î3
cos~~3 1Î3!pDt!

2
1

2Î3
cos~~3 2Î3!pDt!

T22
x 5 T33

x 5
1

6
1

1

12
cos~2Î3pDt! 1

1

4
cos~2pDt!

1
3 2Î3

24
cos~~3 1Î3!pDt! 1 S1

8
1

1

4Î3Dcos~~3 2Î3!pDt!

1 S1

8
1

1

4Î3Dcos~~1 1Î3!pDt! 1 S1

8
2

1

4Î3Dcos~~1 2Î3!pDt!

T23
x 5

1

6
1

1

12
cos~2Î3pDt! 2

1

4
cos~2pDt!

1
3 2Î3

24
cos~~3 1Î3!pDt! 1

3 1Î3

24
cos~~3 2Î3!pDt!

2
3 1Î3

24
cos~~1 1Î3!pDt! 2

3 2Î3

24
cos~~1 2Î3!pDt!



in
i.e
of
as

I fun
t

tly

i

(
l in

with

e
ith the
o

nce

I en
c

283TRANSFER FUNCTIONS FOR THREE DIPOLAR COUPLED SPINS
and

a91 5 D13 2 D23

a92,3 5 23~D12 2 D23!
2 2 2D12D23 1 D12D13

1 D13D23 6 ~D12 2 D23!W [8]

b91 5 D23 2 D12

b92,3 5 23~D13 2 D23!
2 2 2D13D23 1 D12D13

1 D12D23 6 ~D13 2 D23!W [9]

g91 5 D12 2 D13

g92,3 5 4D12D13 2 2D12D23 2 2D13D23. [10]

Equations [8]–[10] represent the eigenvector components
cases where the eigenvalues (Eq. [5]) are nondegenerate,
l1 Þ l2, l1 Þ l3, andl2 Þ l3. Based on the eigenvectors
the subblocks (Eqs. [2] and [3]), an orthonormal eigenb
{ c1, . . . ,c8} of the full mixing Hamiltonian*D can be con-
structed

c1 5 uaaa&

c2 5 a1ubaa& 1 b1uaba& 1 g1uaab&

c3 5 a2ubaa& 1 b2uaba& 1 g2uaab&

c4 5 a3ubaa& 1 b3uaba& 1 g3uaab&

c5 5 a1uabb& 1 b1ubab& 1 g1ubba&

c6 5 a2uabb& 1 b2ubab& 1 g2ubba&

c7 5 a3uabb& 1 b3ubab& 1 g3ubba&

c8 5 ubbb&. [11]

n this eigenbasis, coherence and polarization transfer
ions

TA3B~t! 5
Tr$B†U~t! AU†~t!%

Tr$B†B%
[12]

between two operatorsA andB can be calculated convenien
because the propagator

U~t! 5 exp$2i*Dt% [13]

s diagonal with the nonzero matrix elements (U) 11 5 (U) 88 5
exp{2il 0t}, ( U) 22 5 (U) 55 5 exp{2il 1t}, ( U) 33 5
U) 66 5 exp{2il 2t} and (U) 44 5 (U) 77 5 exp{2il 3t}. For

coherence and polarization transfer functions of practica
all
., if

is

c-

-

terest we were able to derive compact analytical solutions
the help of the algebraic programMathematica(22).

For the initial termA 5 I z, all transfer functions can b
expressed as a constant term and three harmonic terms w
oscillation frequenciesD12, D13, andD23 which correspond t
differences of the eigenvaluesl1, l2 andl3 (cf. Eq. [5]):

D12 5 l1 2 l2 5 2l2,

D13 5 l1 2 l3 5 2l3,

D23 5 l2 2 l3 5 2pW. [14]

For A 5 I 1z, the set of all nonzero polarization and cohere
transfer functionsTA3B is summarized in Table 1.

For initial magnetizationA in the transverse plane (e.g.,A 5

x), additional harmonic terms arise with oscillation frequ-
ies

TABLE 5
Polarization and Coherence Transfer Functions TA3B for Special

Case 3 (D12 5 D13 5 D23 5 D) with A 5 Iiz or Iixz

TIiz3I iz 5 Tii
z 5

10

18
1

8

18
cos~3pDt!

TIiz3I kz 5 Tik
z 5

8

18
sin2S 3

2
pDtD

TIiz3$I ixI ky2I kxI iy% 5 2
2

3
sin~3pDt!

TIiz3$I jxI ky2I kxI jy% 5 0

TIiz3$I iz~I jxI kx1I kyI jy!% 5 2
16

9
sin2S 3

2
pDtD

TIiz3$I jz~I ixI kx1I kyI iy!% 5
8

9
sin2S 3

2
pDtD

TIix3I ix 5 Tii
x 5

7

18
1

8

18
cos~3pDt! 1

1

6
cos~6pDt!

TIix3I kx 5 Tik
x 5

1

18
2

4

18
cos~3pDt! 1

1

6
cos~6pDt!

TIix3I izI ky 5
1

3
sin~6pDt!

TIix3I iyI kz 5
2

3
sin~3pDt! 1

1

3
sin~6pDt!

TIix3I jzI ky 5 2
2

3
sin~3pDt! 1

1

3
sin~6pDt!

TIix3I ixI jyI ky 5 2
8

9
1

8

9
cos~3pDt!

TIix3I ixI jzI kz 5 2
14

9
1

8

9
cos~3pDt! 1

2

3
cos~6pDt!

TIix3I jxI jyI ky 5
8

9
sin2S 3

2
pDtD

TIix3I jxI jzI kz 5 2
2

9
2

4

9
cos~3pDt! 1

2

3
cos~6pDt!
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284 LUY AND GLASER
D01 5 l0 2 l1 5 l0,

D02 5 l0 2 l2 5 $3l0 1 pW%/ 2,

D03 5 l0 2 l3 5 $3l0 2 pW%/ 2, [15]

hich correspond to differences of the eigenvalues of*D
(61/ 2)

and *D
(63/ 2) (cf. Eqs. [2] and [3]). The set of all nonze

polarization and coherence transfer functionsTA3B with A 5
I 1x are summarized in Table 2.Due to the invariance of th
dipolar coupling Hamiltonian (Eq. [1]) with respect toz rota-
tions, these transfer functions are also valid if both operatoA
andB are rotated by an arbitrary angle around thez axis. For
example, the transfer functionTI 1x3I 1zI 2y(t) is identical to
TI 1y32I 1zI 2x(t) 5 2TI 1y3I 1zI 2x(t).

The general transfer functions between three dipolar cou
spins (Tables 1 and 2) can be significantly simplified
symmetric spin systems. Tables 3, 4, and 5 summarize tra
functions of interest for the following three special cases:

FIG. 1. Polarization transfer functionsTkk
z 5 TI kz3I kz andTkl

z 5 TI kz3I lz (T

13 5 4.6 Hz, andD 23 5 11 Hz.
ed
r
fer
se

1 with D 12 5 D 13 5 D 23/ 2 5 D, case 2 withD 12 5 D 13 5
D andD 23 5 0, and case 3 withD 12 5 D 13 5 D 23 5 D.

TRANSFER EFFICIENCY

In Figs. 1 and 2, representative transfer functions are s
for the general case of three dipolar coupled spins wit
permutation symmetry. The analytical transfer functions
identical to simulated transfer functions that were calcul
numerically using the program package SIMONE (23) (data
not shown). Dipolar coupling constantsD 12 5 210 Hz,D 13 5

.6 Hz, andD 23 5 11 Hz were chosen to match the coup
constants for which transfer functions have been pres
previously for isotropic (7) and planar (17) mixing conditions
This allows for a direct comparison of the markedly differ
transfer dynamics in a dipolar coupled spin system ve
isotropically or planar coupled spins. For this particular se
coupling constants, the dipolar transfer ofz magnetization i

le 1) for three dipolar coupled spins with coupling constantsD 12 5 210 Hz,
ab
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285TRANSFER FUNCTIONS FOR THREE DIPOLAR COUPLED SPINS
most efficient between spins 1 and 2 (Fig. 1D), whereas
little magnetization is transferred between spins 1 and 3
1F). This is in contrast to the case of planar mixing, where
most efficient transfer is found between spins 1 and 3 an
transfer between spins 1 and 2 is the least efficient (17). A
omparison of Figs. 1 and 2 shows that for some spin pair
ransfer ofz magnetization can be superior to the transferx
agnetization (cf. Figs. 1D and 2D) while for others

ransfer ofx magnetization is more efficient (cf. Figs. 1E a
E).
A global picture of the dependence of the transfer efficie

n the relative size of the coupling constantsD 12, D 13, andD 23

can be obtained with the help of a quality factor that refl
both the transfer time and the transfer amplitude between
operatorsI ka and I la. Such a quality factor is the so-call
direct transfer efficiency, defined as

h kl
a 5 s max

t.0

$uTIka3I la
~t!uexp~2tuDklu!%, [16]

FIG. 2. Coherence transfer functionsTkk
x 5 TI kx3I kx andTkl

x 5 TI kx3I lx (T

13 5 4.6 Hz, andD 23 5 11 Hz.
ry
g.
e
he

he

y

ts
o

wheres is 1 (or21) if TI ka3I la(tmax) is positive (or negative)
the mixing timetmax whereuTI ka3I la(t)uexp(2tuDklu) assume
ts maximum value. Equation [16] is a straightforward ge
lization of the original definition of the direct transfer e
iency (3, 24) to include the case of negative transfer functio
n Figs. 3 and 4,h 12

z and h 12
x are shown as a function of t

relative dipolar coupling constantsD 13/D 12 and D 23/D 12. As
the dipolar coupling Hamiltonian of Eq. [1] is invariant un
z rotations,h 12

y 5 h 12
x . The most efficient transfer ofz mag-

netization between spins 1 and 2 is found ifD 13 ' D 23 . 3D 12

or if D 13 ' D 23 , D 12 (cf. Fig. 3). In particular, the transf
between spins 1 and 2 is quenched ifD 13 and D 23 have
opposite signs anduD 13u ' uD 23u . uD 12u. This is the case fo
the transfer shown in Fig. 1E if the spin labels are perm
such that two spins between which polarization transfe
considered are labeled 1 and 2. As can be seen in Fig. 3,
are many other combinations of coupling constants for w
polarization transfer between two spins can be very weak

e 2) for three dipolar coupled spins with coupling constantsD 12 5 210 Hz,
abl
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286 LUY AND GLASER
if large dipolar couplings exist between these spins.
finding will be important for the correct interpretation of
perimental DCOSY spectra. A more complex dependenc
the size and sign of the direct transfer efficiency is found
the transfer ofx magnetization (cf. Fig. 4). As expected,
transfer efficiency can be either positive or negative. Note
in contrast to the transfer ofz magnetization, significant tran
fer of x magnetization occurs ifD 13 and D 23 have opposit
signs anduD 13u ' uD 23u . uD 12u. Hence, in some cases,
quenching of polarization transfer can be circumvented
transferring x rather thanz magnetization. Correspondi
transfer efficiency maps with a significantly different dep
dence on the relative size of the coupling constants have
published previously for the case of isotropic and planar
ing (3, 24).

DISCUSSION

Coherence and polarization transfer functions were de
for a general spin system consisting of three dipolar cou
spins with the Hamiltonian given in Eq. [1]. In the mixi
period of DCOSY experiments (18), WALTZ-16 (25), and
DIPSI-2 (26) sequences can be used in order to create e

atched conditions. Similar to CWx irradiation, these se-
quences create effective coupling terms that have the fo
Eq. [1]. However, the unique axis of quantization is chan
from z to x and the coupling constants are scaled by a fact

1
2 (27). Hence, the derived analytical solutions are also v

for the transfer under these mixing sequences if the axis l
{ x, y, z} are replaced by {y, z, x} and if the dipolar coupling
constantsDkl are replaced byDkl,eff 5 2Dkl/ 2. A detailed
analysis of the offset dependence of the effective Hamilto
created by DCOSY sequences is given in (28).

FIG. 3. Polarization transfer efficiency maph 12
z (Eq. [16]) as a function o

the relative dipolar coupling constantsD 13/D 12 andD 23/D 12. Regions wher
h 12

z , 0.1 are black. The level increment is 0.1.
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